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Abstract
We investigate the out-of-equilibrium stationary states of spin-Hall devices on the basis of the
least dissipation principle. We show that, for a bulk paramagnet with spin-orbit interaction, in the
case of the Hall bar geometry the principle of minimum dissipated power prevents the generation
of transverse spin and charge currents while in the case of the Corbino disk geometry, transverse
currents can be produced. More generally, we show that electric charge accumulation prevents the
stationary spin to charge current conversion.
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I. INTRODUCTION
The interest for low power consumption electronic devices is one of the main motivations
for the research in spintronics. In this context, considerable efforts have been devoted to
the study of the spin Hall effect (SHE) and the inverse spin Hall effect (ISHE) [1–10]. In
the Dyakonov-Perel (DP) model [1, 6], SHE is a generalization of the usual Hall effect in
which the spin-orbit interaction plays the role of an internal magnetic field that depends
on the electronic spin states. In particular, SHE describes the spin-accumulation produced
in the direction perpendicular to an injected current. The inverse effect ISHE refers to the
experimental configuration in which a spin current - or a non-uniform spin-accumulation-
generates a transverse electric field. These effects open the way to the implementation of
new devices, that allow the conversion of spin current into charge current [11]. Establishing
the conditions under which this conversion, that takes place in a stationary state, obeys the
thermodynamic laws is a problem of crucial importance currently.
Both SHE and ISHE can be analyzed by the spin-Hall transport equations, first proposed
by Dyakonov and Perel [1] in 1971 to describe paramagnetic conductors with spin-orbit
interaction. A similar effect is well-known for bulk ferromagnetic conductors in terms of an
anomalous Hall effect (AHE) [12]. After the discovery of giant magnetoresistance at the turn
of the millennium, SHE was also considered at an interface in the context of spin-injection
[2, 3]. In parallel, the concept of pure spin current was proposed [13, 14] in order to describe
spin-accumulation occurring in a part of the device that does not drive electric current.
The presence of a spin-current was found in a great diversity of systems and situations
[5, 7, 9, 15, 16]. The conditions for its existence is an open problem crucial in the energetics
of the system since that current, in contrast to spin-accumulation, entails heat dissipation.
The goal of this work is to calculate the minimum power dissipation in different kinds of
spin-Hall devices, in order to deduce the conditions for the existence of pure spin-current.
The study is first restricted to the case of the DP model described in the framework of
the two spin channel approach. We will show that in the case of the Hall bar geometry the
principle of minimum dissipated power prevents the generation of transverse spin and charge
currents, while in the case of the Corbino disk geometry, a transverse pure spin-current is
possible.
In the framework of the two channel model, the system is defined by an ensemble of
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two populations of electric carriers: those with spins ↑ and ↓ ; the spin-polarization axis is
defined by a unit vector ~p perpendicular to the current. We assume that the temperature is
constant everywhere. The transport equations are then described by the Ohm’s law applied
to each spin-channel:
~Jl = −σˆl~∇µl, (1)
where σˆl is the conductivity tensor and µl is the electrochemical potential. We assume
for convenience that the system is a two-dimensional thin layer so that σˆl is a 4x4 matrix,
which is isotropic in the absence of spin-orbit coupling (see reference [17] for the case of a
ferromagnetic material). In a cartesian coordinate system {~ex, ~ey} we have σxxl = σyyl = σl.
The Dyakonov-Perel (DP) equations are obtained by the application of the relevant sym-
metries to the spin-dependent conductivity tensor σˆl. Since, in the DP model, the effect of
the spin-orbit coupling is equivalent to that of a local magnetic field perpendicular to the cur-
rent, the cross-coefficients obey the Onsager reciprocity relations [18, 19] σxyl = −σyxl = σsol
(where σsol is the Hall conductivity due to this local spin-orbit field). Furthermore, if the
local spin-orbit field due to the spin-polarization ↑ is along the direction ~ez the spin-orbit
field due to the spin-polarization ↓ is along the direction −~ez, so that the Onsager-Casimir
relations imposes σso↑ = −σso↓. In the Cartesian reference frame, the conductivity tensor
reads :
σˆl =

σ↑ σso 0 0
−σso σ↑ 0 0
0 0 σ↓ −σso
0 0 σso σ↓
 . (2)
The resistivity tensor ρˆ = σˆ−1 is hence defined by the two coefficients ρl = σl/(σ2l + σ
2
so)
and ρso = σso/(σ
2
l + σ
2
so). In order to take into account the diffusion of electric charges, the
density of spin-dependent carriers nl are not necessarily constant throughout the material,
and the corresponding diffusion terms should be taken into account in the electrochemical
potential [20]:
µl =
kTF
q
ln(nl) + V + µchl , (3)
where TF is either the Fermi temperature in the case of a metal or the temperature of the
thermostat in the case of a semi-conductor (non-degenerated). The Boltzmann constant
is k, V the electrostatic potential, µchl is the spin-dependent chemical potential, and q is
the charge of the carriers. The gradient of each term of the electrochemical potential is
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a force : the thermodynamic force proper of the diffusion process ~∇nl, the electric field
~El ≡ −~∇(V + µchl ) and the spin-flip force ∆µch [21, 22]. Introducing Eq.(3) and Eq.(2) in
Eq.(1) we have:
~Jl = −(σl ~El +Dl~∇nl)± ~p× (σso ~El +Dsol~∇nl) (4)
where the signs + and − correspond to channels ↑ and ↓ respectively. We have introduced
the longitudinal and transverse spin-dependent diffusion coefficients Dl = kTFσl/(qnl) and
Dsol = kTFσso/(qnl). The current of electric charges is defined by the sum ~Jc = ~J↑ + ~J↓,
and the spin-current is defined by the difference ~Js = ~J↑ − ~J↓. Equations (4) are equivalent
or generalize those derived in references [3, 4]. In a first step, we restrict the analysis to
the DP model without spin-flip scattering. In this case µch↑ and µ
ch
↓ are constant in space
and the electric field is spin-independent: ~El = ~E = −~∇V . If in addition we assume that
there is no conductivity asymmetry (σ↑ = σ↓ = σ), the equations (4) are then equivalent
to those of Dyakonov and Perel [1, 6, 10] (as shown in reference [23]). We now apply
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FIG. 1: : Schematic views of two equivalent spin-Hall devices: (a) Hall-bar and (b) Corbino
sector. The spin-Hall angles θSHl are defined as the angles between −~∇µl and the injected current
~Jl.
the Kirchhoff-Helmoltz principle which states that the current distributes itself so as to
minimize heat dissipation, for a given bias voltage. In other terms, the stationary states are
those states at which dissipation is a minimum compatible with the ensemble of constraints
applied to the system [24, 25]. In the case of Hall devices, the most important constraint
that imposes non-equilibrium is the injection of the electric current (or the application of a
voltage difference) along one direction of the Hall device (along the ~ex direction in the case
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of the Hall bar). Fields and charge densities are governed by Maxwell equations which can
be viewed as constraints to the values of these quantities.
The power dissipated by the system is PJ = ~J↑.~∇µ↑ + ~J↓.~∇µ↓. In view of the linear
relation (1) it is a function of the partial derivatives of the electrochemical potentials ∂jµl
(where j = {x, y}) (that contain drift and diffusion terms) and a function of the charge
accumulation ∂jnl (electrostatic forces). The power can equivalently be expressed as a
function of the currents ~Jl or the thermodynamic forces, through Eqs.(1). The Coulomb
equation div(~E) = qn/ ( is the permittivity and n = n↑ + n↓ the total electric charge at
each point) and the expression 2~E = −~∇µ↑+ c↑~∇n↑− ~∇µ↓+ c↓~∇n↓ lead to the Poisson law
∇2(µ↑ + µ↑) − c↑∇2n↑ − c↓∇2n↓ + 2qn/ = 0, where cl = kTF/(qnl). We do not impose
any boundary conditions on the currents at the edges of the Hall bar along ~ey (e.g. a wire
can connect the two opposite edges) [26]. In order to find the minimum of the Joule power
PJ compatible with the constraints, we introduce the corresponding Lagrange multiplayers
λ(x, y), β(y) such that the function to minimize reads:
F [~∇µl, nl, λ, β] =
∫ L
0
∫ L
0
[
σ↑ (∂xµ↑)
2 + σ↑ (∂yµ↑)
2 + σ↓ (∂xµ↓)
2 + σ↓ (∂yµ↓)
2
−λ(x, y)
(
∇2 (µ↑ + µ↓)− c↑∇2n↑ − c↓∇2n↓ + 2qn

)
−β(y)(−σ↑∂xµ↑ − σso∂yµ↑
+i (−σ↓∂xµ↓ + σso∂yµ↓)− J◦ix) ] dxdy, (5)
where J◦ix = ~J
◦
i .~ex is the constant charge or spin current density injected in the device along
the x direction, with the different options: i = {c, s} (with i = c associated to a charge
current and c = 1, i = s associated to a spin current and s = −1), and ~∇ = (∂x, ∂y). In
the following equations, ± or ∓ account for the differences between the two spin channels
↑ and ↓. Minimization of F in the case of an imposed charge current (i = c) leads to the
following conditions:
∇∂xµlF = 0⇒ ∂xµl = −
1
2
β(y)− 1
2σl
∂xλ
∇∂yµlF = 0⇒ ∂yµl = ∓
1
2
σso
σl
β(y)− 1
2σl
∂yλ (6)
and:
∇nlF = cl∇2λ− 2
q

λ = 0 (7)
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The solution for the chemical potential in the case i = c, derived from (6) and (7) is :(see
[27])
λ2D∇2µl = 2µl(x, y) + β(x±
σso
σl
y) + Cl (8)
where λD =
√
kTF/(q2n) is the Debye-Fermi length, Cl is a constant and β(y) = β is the
Lagrange multiplayer introduced above. Note that Eq.(8) can be interpreted as a screening
equation for the electric charges, with the term β(x ± σso
σl
y) as a source term. We assume
λD  l, where l is the typical length along the direction ~ey. The corresponding solution of
Eq.(8) in the bulk is then :
µl(x, y) = −(x± σso
σl
y) ρ˜Jocx −
Cl
2
(9)
with ρ˜ =
σ↑σ↓
(σ↑+σ↓)(σ↑σ↓+σ2so)
=
(
1
ρ↑
+ 1
ρ↑
)−1
the mean resistivity and according to Eq.(3), the
constant is µchl . In the case i = s of an imposed spin current (i = −1 in Eq. (5)), we find :
λ2D∇2µl = 2µl(x, y)± β(x±
σso
σl
y) + C˜l, (10)
(where C˜l is a constant) which gives in the bulk (l >> λD) :
µl(x, y) = ∓(x± σso
σl
y) ρ˜Josx −
C˜l
2
. (11)
Inserting Eq.(9) or (11) into Eq.(1) we obtain:
~Jl.~ey = Jyl = 0 (12)
or Jcy = Jsy = 0. For i = c : Jxl = (ρ˜/ρl)J0cx and for i = s : Jxl = ± (ρ˜/ρl)J0sx. The
corresponding minimal power dissipation density is in both cases Pmin = ρ˜ (J
0
ix)
2
.
The simple but fundamental result Jyl = 0 has been disregarded in the spin-Hall literature
[1–10, 12, 16] because it is a property of the sole stationary states and does not depend on the
details of the microscopic mechanisms. It is a direct consequence of the fact that the spin-
orbit forces responsible for the deviation along the direction perpendicular to the current do
not work (as it is well-known for the Lorentz force). However, as will be shown below, the
result Eq.(12) is valid only if charge accumulation is possible at the edges.
The principal characteristic of the spin-Hall effect is the spin-accumulation due to spin-
orbit coupling. From Eq.(9) (i.e. the case i = c) we have, when σ↑ = σ↓ :
∆µl(y) = −2σso
σ
y ρ˜Jocx + ∆µ
ch, (13)
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where the constant ∆µch accounts for the other possible contributions to the spin-
accumulation in the bulk (e.g. due to spin-flip scattering, Mott relaxation, etc). The
spin-Hall angles θSHl are defined by the relations tan θSHl = −∂yµl/∂xµl = ∓σso/σ (see Fig-
ure1). This bulk spin-accumulation is well-known and has been observed in various systems
[6].
We discuss now a different device, in which the Hall bar is deformed according to a
conformal transformation (x, y) → exeiy = reiθ, where r, θ are the polar coordinates. We
then obtain a Corbino sector (Fig.1b) or the Corbino disk (Fig.2). In the case of the Corbino
angular sector of angle α, with inner radius r1 and outer radius r2 shown in Fig.1b, charge
accumulation is allowed. The function to minimize reads now:
FCor[~∇µl, nl, λ, β] =
∫ r2
r1
∫ α
0
[
σ↑ (∂rµ↑)
2 + σ↑
(
∂θµ↑
r
)2
+ σ↓ (∂rµ↓)
2 + σ↓
(
∂θµ↓
r
)2
−λ(θ, r)
(
∆ (µ↑ + µ↓)− c↑∆n↑ − c↓∆n↓ + 2qn

)
−β(θ)
r2
(−σ↑r∂rµ↑ − σso∂θµ↑
+i (−σ↓r∂rµ↓ + σso∂θµ↓)− I
i
r
αh
) ] rdrdθ, (14)
where i = {c, s} and Iir = Ir↑ + iIr↓. The polar gradient takes the form ~∇ = (∂r, ∂θ/r) and
the Laplacian is ∆ = 1
r
d
dr
(
r d
dr
)
+ 1
r2
d2
dθ2
. Iir = αrhJir is the charge or spin current injected
radially (see Fig.1b), h is the thickness of the layer, and Jrl = Jl.~er is the radial current
density. The radial current is such that rJrl = −rσl∂rµl ∓ σso∂θµl. Proceeding as in the
previous case, we obtain the result for i = c:
µαl (r, θ) = −
(
ln
(
r
r1
)
± σso
σl
θ
)
ρ˜
Icr
αh
− Cl
2
(15)
that leads to Jθl = 0. The result is the same as the one obtained for the Hall-bar.
However, if we consider a perfect Corbino disk with α = 2pi, it is equivalent to a Hall
bar in which the two edges are in perfect electric contact so that charge accumulation is not
allowed [26]. The variable n is fixed to zero nl = 0 everywhere, and the Poisson constraint
reduces to the harmonic equation ∇2µl = 0, whose solution is:
µCorl (r, θ) = −
Irl
2piσlh
ln
(
r
r1
)
. (16)
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In that case, both longitudinal and transversal stationary currents are present for the two
spin-channels : Jrl = Irl/(2pihr) and Jθl = ∓σso/σlJrl. The current lines form two opposite
spirals for the two channels ↑ and ↓ (see Fig.2). The currents ~Jl form the same spin-Hall
angles θSHl, such that tan
(
θSHl
)
= ∓σso/σ, with −~∇µl, as for the previous cases, but the
system dissipates more than Pmin. From the experimental point of view, the most direct
r
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FIG. 2: : Schematic view of the Corbino disk with the current lines corresponding to spin ↑ and
spin ↓, and −~∇µl.
way to evidence the current ~Jθl is to compare the resistances in the case of a perfect Corbino
disk RCor and the resistance Rα of the same scratched Corbino disk (i.e. a Corbino sector
of angle α ≈ 2pi) . The ratio of the measured resistances is equal to the ratio of the powers
[27]:
RCor
Rα
=
PCor
Pα
= 1 +
(σso
σ
)2
(17)
If we consider spin-flip relaxation, the results presented above about a bulk material are
not changed in a device larger than the spin-diffusion length. Indeed, in case of spin-flip
scattering it is necessary to add the spin-flip dissipation in the expression of the power
P sfJ = PJ + ψ˙∆µ
ch, where ∆µch = µch↑ − µch↓ , and ψ˙ is the spin-flip current in the spin
configuration space (we use here the notation of the chemical reaction that transforms electric
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carriers of spin ↑ into electric carriers of spin ↓ [21, 22]). The corresponding supplementary
transport equation reads ψ˙ = L∆µch, where L is a constant transport coefficient. The
supplementary variable ψ˙ (or ∆µch) has to be considered in the functions F and FCor(Eq.(5)
and Eq.(14)). However, the minimization leads to the condition ψ˙ = 0. In other terms, the
two spin-channels are at equilibrium with respect to the spin-flip relaxation in the bulk. As
a consequence, the results obtained above under the assumption of zero spin-flip scattering
can be generalized to DP model including spin-flip scattering.
In conclusion, we have shown that the spin to charge current conversion can be performed
in the case of the Corbino geometry as far as charge accumulation is not allowed. The
conversion equation ~Jc = (−σ/σso) ~Js × ~p is then verified [27]. In contrast, the spin to
charge current conversion at stationary state cannot be performed if charge accumulation
occurs, in particular for the usual Hall-bar geometry or for the scratched Corbino disk. In
those configurations, the above conversion relation between ~Jc and ~Js is not verified. These
predictions could be compared experimentally by measuring the ratio of the resistances
1 + (σso/σ)
2 of the same scratched and non-scratched Corbino disk.
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